


⑮Lasttime

& Cal Find an example of a Surj f:RTR

which is not an ing and s. t . f(A)IRG-

fiR- is not a surj

(6) Is this possible if roles of "ing." and

"Suj ." reverso?



A (a) Take f : RTR give by fNx=* - X .

#irj= f() = fill = f()=e

Min f(x) =X
X+Y

x f(x) =-yt
is san by FUT



&
Restriction to Ri f(Q) &D as X-yER

if X & Q .

But
, Not entirely

f"(1) = ExER :* -x= Be obvio

(:i fRtRis un



Imm : Let fix+ X be a fuction . TFAE:

1) f is a bij.

()J an inverse function g : y X off

Merevere
,
if an inverse function exists its unique .

I (1) ES2] Define 8 : / +X by

g(y) = X if fix =y .

Note that asf is big then is a unique



Such y or so g is well-defined. Note,

FyfY
,

f(gsyl) = f(x) = y .
Note ExEX

g (f(x) = t Sit f (t) = f(x)

But
, as o is inj . = t = X

(2) E (1) Let o be an inverse of f.

If f(x) : fex = g(f(x) =y (f(x) .

*
So t is inj. For yeY flygD=y So

fcy) is non-empty . So
,
o is Surj .



Finally we show the inves g is unique.

Let g 1 or go
be two inveces to f . The

VyfY &(g , (y)) = y = f(g2(y)) . As + is injo

g1(y) =g2(y) . As y was arbitrary
,
9 , =92. Et

Refi: If fix-Y is bij , its

indece is deroter A" : Y + Y

&: Iff bij. the fi(y) = EficyB So no confusion .



ACardinality
↓

Definition : For sets X any we say X

onYhave the same Cadirality ,
written #X=#Y,

ifJ a bij fix-Y.

Br: If #X = #Y
,
J a biifix -X

there will essentially aways - be a non-bij.

g :X-X ,
C.y ., five ga =

ge to be constant.

#X- #Y just meas then is allest the bij !



Prep: #X = #Y is an equivale relation.

I : Rive : #X= #X as the identity

ma id : X-X is a bij

Symmetric: If #X = #Y the 7 a

bij. fix-y . Then :Y+x
is a bij . So #Y =#X.



#sitive: If #X= Y or #Y=#E the

-> bijs . fix-Y or g : / +z . The,

get : X +Z is a bij so #V =#z

Defi:ACardial Number is an equivalence

Class of Sets under the relation of

having the same cordinality.

28:1 We use the SymbolTo for HIN.



Examples
Eg + #(N-50b) = Me "X = X- 1

pf : The map IN ->N-G03 give by utht

is a bij my invese m+ M-1 . Do

Ey.) #Sevennatural "N =1z

If: the map IN - &EvenNatural a



given by -2n is a bij . / inverse

m +I m. D

Eg . #= 'Tis

It : Define S : IN-E
,
Scal =GL

0
9 372

11 , 1 47-+
-2
---

51 - 3

214 1
6+ 1

- 3



This is evidently a bij. Do

eg) #D = 'Me

If: First we define a bij. NN-Qt

But , recall " by the Fundamental Theorem of Arithmetic

IN = Spe, D



So
,
define

f : N
+
-R+, T pi psa

This is a bij us invese

R - NT
,Tp ps

peM
We the build a bis INTD as



follows
IN = - I

+
W 63r INT

-Ab b If
D = -* + G W Qt D

eg #R = (01)
"f" : Proof by pictures



egraining
2

Binequality
Defi: Write #X#Y if I an

inj . X+Y and #X#Y If #Y



#X* #Y

Wing : If S is a prope subset
of

T it is live #S-#T Out not

recessarily true ASHT

Eg). #(N-G3) = N



This sort of characterizes finite sets.

Axm (pigable principle) : The nap
IN - Scaris-
ni #E , . . ., n3

is an order preserving ing , e .g ., if Am

there is no inj. El-, n3 -El,jm>.



#Countability

Defin ; A Set X is
-

· finite if #X= n for some NEW,
-

· extably Infinite if #X
=Te

· Countable if #X-Ye
-

·countable if #X 'To



*fire uncountable
,

· all Sets are finite
, countably infinite,

or uncountable .


